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Abstract 

In 1997, G. Ellis defined the Schur multiplier of a pair (G, A^) of groups and 
mentioned that this notion is a useful tool for studying pairs of groups. In 
this paper we characterize the structure of a pair of finite p-groups {G, N) in 
terms of the order of the Schur multiplier of {G, N) under some conditions. 
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1. Introduction and Motivation 

A definition for the Schur multiplier of a group G is as the abelian group 
M(G) = (i? n F')/[R, F] in which F/R is a free presentation of G. In 1956, 
J. A. Green [sj showed that the order of the Schur multiplier of a finite p- 
group of order is bounded by p 2 , and hence equals to p 2 for 
some non- negative integer t. Ya.G. Berkovich [l|, X. Zhou 11 1, G. Ellis j3] 
and P. Niroomand js], lij determined the structure of G for t = 0, 1, 2, 3, 4, 5 
by different methods. 

A pair of groups (G, A^) is a group G with a normal subgroup A^. In 
1998, Ellis jil defined the Schur multiplier of a pair (G, A^) of groups to be 
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the abelian group M{G, N) appearing in the natural exact sequence 



H-siG) Hs{G/N) M{G, N) -> M(G) ^ M{G/N) 
N/[N, G] {Gy'' {G/Nf^ 

in which H^{G) is the third homology of G with integer coefficients. He 
mentioned that this notion is a useful tool for studying pairs of groups. He 
also gave an upper bound for the order of the Schur multiplier of pairs of 
finite groups. It is interesting to know for which classes of pairs of groups 
the structure of the pair (G, A^) can be completely described in terms of the 



order of M{G,N). In 2004, Salemkar, Moghaddam and Saeedi [10| tried to 
answer to this question for a pair of finite p-groups and proved the following 
theorem. 

Theorem 1. (fl^) Let {G,N) be a pair of groups and K he the complement 
of N in G, with \N\ = p"' and \K\ = p^ . Then the following statements hold: 
{i) |M(G,A^)| < pl"(2™+«-i); 

{a) If G is abelian, N is elementary abelian and |M(G, A^)| = p2"(2m+n-i)^ 
then G is elementary abelian; 

(Hi) If the pair {G,N) is non-capable and |M(G, A^)| = j92"(2™+"-i)-i^ then 
G = Zp2 . 

In this paper we extend the above theorem and characterize the structure 
of the pair {G, N) of finite p-groups in terms of the order of M{G, N) in more 
cases. Let G, N and K be as in Theorem 1 and \M{G,N)\ = pi"(2™+n-i)-i_ 
Then we prove t = if and only if N is trivial or [G, N) is a pair of elementary 
abelian p-groups. Also, we determine the pair {G,N), for t = 1. Moreover, 
we give the structure of {G, N) for t = 2 and t = 3, when i^' is a normal 
subgroup of G. The main results of this paper are somehow generalizations 
of the results of [l[ , and Q to the pair of finite p-groups 



2. Preliminaries 

Let {G, N) be a pair of groups. We recall that a relative central extension 
of the pair {G, N) consists of a group homomorphism a : M — )■ G, together 
with an action of G on M, such that 
(z) (t(M) = N, 

{ii) a{m^) = g~^a{m)g, for all (7 G G, m G M 
{iii) m'^^"^^^ = m^^mmi, for all m,mi G M 
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(iv) G acts trivially on ker cr. 



The G-commutator subgroup of M is defined to be the subgroup [M, G] 
generated by the G-commutators [m, g] = m~^m^ for all G G, m G M and 
the G-center of M is the central subgroup 

Z(M, G) = {m G M\m3 = m for all g G G}. 

Also, the subgroup Z2{M,G) is defined by 

^2(M,G) ^ ^ M 
Z(M,G) ^Z(Af,G)'^' 

A pair (G, A^) is said to be capable if it admits a relative central extension 
0" : M — )■ G with ker a = Z{M, G). Note that a group G is capable precisely 
when the pair (G, G) is capable. 

We call a pair (G, A^) an extra special pair of p-groups when Z{N, G) 
and [N, G] are the same subgroups of order p. Also, we need to recall the 
definition of a covering pair. 

Definition 2. ([S]) A relative central extension a : N* G of the pair 
(G, A^) will be called a covering pair if there exists a subgroup A of N* such 
that 

{{) A < Z{N\G) n [A^*,G]; 
{ii) A = M{G,N); 
{Hi) N ^ N*/A. 

The following theorem plays an important role to prove the main results. 

Theorem 3. (f^J) Let (G, A^) be a pair of groups and K be the complement 
of N in G. Then 

M{G) ^ M(G,A^) X M{K). 
We recall from that if G = A^ x K, then 

M(G) ^ M{N) X M{K) X (A^"^ ® K''''). 
A useful consequence of this fact is as follows. 
Corollary 4. IfG = NxK, then 

\M{G,N)\ = \M{N)\\N'''' ^ K^''\. 
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We use the following theorems in the next section. Here D denotes the 
dihedral group of order 8, Q denotes the quaternion group of order 8 and Ei 
and E2 denote the extra special groups of order with odd exponent p and 
p^, respectively. 

Theorem 5. (f^) Let G be a group of prime-power order p"". Suppose that 
\M{G) \ =pH^-^)-K Then 

(i) t = if and only if G is elementary abelian (\}^); 

(ii) t = l if and only if G = Zp2 or G ^ Ei (fi]); 

{Hi) t = 2 if and only if G ^ Zp x Zp2, G ^ D or G ^ Zp x Ei (fllj); 
(iv) t = 3 if and only if G ^ Zpi, G ^ZpXZpX Zp2, G ^ Q, G ^ E2, 
G = D X Z2 or G = El X Zp X Zp. 



Theorem 6. (f^J) Let G = Z„, Zn^., where nj+i|nj for all 

i G 1,2, — 1 and k > 2, and let zi™''' denote the direct product of m 
copies of Zn. Then 

M{G) - Z„, X Zg X ... X Z(ffi). 

Theorem 7. (^) Let {G,N) be a pair of groups such that N/Z{N,G) is 
finite of prime power order p"" and G/N is finite of prime power order p"^. 
Then 

\M{G,N)\\[N,G] \ < p-(2™+"-i)/2_ 

Theorem 8. (fldj) Let (G, N) be a pair of finite p-groups with G/N and 
N/Z{N,G) of orders p"" andp"", respectively. //|[iV,G]| = p|'^(2'"+"-i)^ then 
either N/Z{N, G) is elementary abelian or the pair {G/Z{N, G), N/Z{N, G)) 
is an extra special pair of finite p-groups. 

Theorem 9. (fid]) Let (G, M) be a pair of groups with G/M and M/Z{M, G) 
of orders p^ and p", respectively. Suppose z G Z2{M., G) — Z{M, G) and con- 
sider two non-negative integers fi{z) and z/(z) where 



= \\G z]\ ^"^'^ = 1 ^/^^'^J 

^ ' ^' ^ZiG/[G,z]),M/[G,z]) 



Then 

(a) |[M, G]| < < p|n(2m+n-l)^ 

(6) Suppose for some none-negative integers, \[M,G] \ = p"(2m+"-i)/2-s^ then 
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the following statements hold: 

{{} \[M/ZiM,G),G/ZiM,G)]\ < f+\ // |[M/Z(M, G), G/Z(M, G)]| = 
ps+i-k ^^^g < < s + 1, then exp{Z2{M , G) / Z {M , G)) < p^^^ and 
m + n — 1 — s< fi{z) <m + n — 1 — s + k. 

{ii) Ifexp{Z2{M,G)/Z{M,G)) thenm + n< s/{k-l) + k/2. 

3. Main Results 

In this section we always assume that (G, A^) is a pair of finite p-groups 
such that K is the complement of in G, with |A^| = p^ and \K\ = p"^, and 
hence |M(G,A^)| = ph(^rn+n-i)-t ^ ^^^^ ^ > 

Salemkar, Moghaddam and Saeedi [13] proved that if t = and G is 
abelian and N is elementary abelian, then G is elementary abelian. The first 
main result of this paper gives a suitable extended version of the above result 
similar to Berkovich's one 



Theorem 10. With the previous assumptions and notation, t = if and 
only if N is trivial or {G, N) is a pair of elementary abelian p-groups. 

Proof. Using Theorem 3, we have |M(G,A^)| = \M{G)\/\M{K)\. Hence 
necessity is immediate by Theorems 5. For sufficiency let the relative central 
extension a : A^* — t- G be a covering pair of {G,N). Then there exists a 
subgroup A of A^* such that A < Z{N*,G) n [A^*,G], A = M{G,N) and 
^ N*/A. It is easy to see that for any k e K, the map (pk : N* ^ N*, 
defined by Lpk{n*) = n*^, is an automorphism of A^*. Therefore, using the 
homomorphism ip : K Aut{N*), given by iplk) = (pk, we can define a 
semidirect product of A^* by K, denoted by G*. It is straightforward to 
check that the subgroups [A^*,G] and Z{N*,G) are contained in [A^*,G*] 
and Z(A^*,G*) respectively. Then the map 6 : G* ^ G, given by 5{n*k) = 
a{n*)k, for n* G A^*, G -ft', is an epimorphism with ker(5) = ker((T). 
Therefore 

N* . , A^* , ,A^*, 

< U.... ^J <|-rl = l^l=p" 



and 



Z{N*,G*)' - 'Z{N%Gy - ' A 



So |[A^*,G*]| < j9l"(2™+«-i) by Theorem 7. This implies that 

^in(2m+n^l) _ |M(G, A^)] = \ A\ < |[A^*,G*]| < ^^2™+"-!). 
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Thus A = [N*, G*]. It follows that < Z{G) and we have G = NxK. Then 
Corollary 4 implies that p5"(2™+"-i) < p |n(n-i)|jva6 ^ 7;^a6|_ gg^^^g ^mn < 

minimum number of generators of 
N. Therefore n = d{N) and hence N is an elementary abelian j9-group and 
lA^"-^ ® K°-^\ = p""". If n = 0, then N is trivial subgroup. If n > 0, then we 
have p"™ = IZ^,"^ = p^C^"')" and it follows that d{K''^) = m. Therefore 

d{K) = m and so K is an elementary abelian p-group too. This completes 
the proof. □ 

Lemma 11. Let {G,N) be a pair of p- groups such that [N,G] ^ 1. Then 
Z{N,G)n[N,G] ^ 1. 

Proof. Using the fact that Z{N, G) = Z{G)r\ N, the result follows. □ 

Salemkar, Moghaddam and Saeedi [lO| proved that if t = 1 and (G, A^) 
is non-capable, then G = Zp2. The second main result of this paper gives a 
vast generalization of the above result similar to Berkovich's one 

Theorem 12. With the previous assumptions if t = 1, then one of the fol- 
lowing cases holds: 

(i) G = N X K where N = Zp2 and K = 1; 

[ii) G = N X K , where N = Zp and K is any group with d{K) = m — 1; 
(Hi) {G, N) is an extra special pair of groups which is capable. 

Proof. Choose N*, G* and A as in the proof of Theorem 10. We divide the 
proof in two cases: 

Case 1. Suppose A ^ Z{N*,G*). Then \N* /Z{N*,G*)\ < \N*/A\ = p^ and 
\N* /Z{N\G*)\ < j9"-^ Thus by Theorem 7 

^in(2m+n-l)-l ^ |^| ^ |[iV*,G*]| < pi ("-l)(2™+"-2) _ 

This implies that n + m < 2. Since t = 1, by Theorem 10 we have n and 
G is not an elementary abelian p-group. Therefore we have G = N = Zp2. 
Case 2. Suppose A = Z{N*,G*). Then \N* /Z{G* , N*)\ = p"". By Theorem 
7, we have 

p|n(2m+n-l)-l ^ |^| ^ |[iV*,G*]| = jgf 

for some s > 0. It follows that s < 1. 
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First, assume that s = 0. Hence Theorem 9 imphcs that \ [N, G]\ = p and 
exp{Z{N,G)) = p. If Z{N,G) is cychc, then [N,G] = Z{N,G) has order 
p by Lemma 11 and hence {G,N) is an extra special pair of groups which 
is capable. If Z{N,G) is not cyclic, then Z{N,G) = Z2{N%G*)/Z{N%G*) 
has two distinct subgroups of order p. Therefore there exist elements yo,zo G 
Z2{N*, G*) - Z{N*, G*) such that 

I < yoZ{N*, G*)>\ = \< zoZ{N*, G*) > \ = p 

and < yQZ{N*,G*) > fl < ZoZ{N*,G*) >= 1. Using the proof of Theorem 
9, we have \[G%yo]\ = \[G%zo]\ = p^+»-\ On the other hand, [G*,yo] = 
G/CG*{yo) and [G\zo\ ^ G/Gg*{zo). So |Cg*(i/o)| = |Cg-(;^o)| = P- Thus 
we have 

Z{N\G*) < CG*{yo)nCG*{zo) = [N*,G*]. 

This implies that \[N,G] \ = \[N* / Z (G* , N*) , G* / Z (G* , N*)]\ = 1 which is a 
contradiction. 

Now assume that s = 1, then A = [N*,G*]. This implies that N < 
Z{G). Thus G ^ N X K. Then by Corollary 4 we have \M{G,N)\ = 

|M(Ar)||Ar«'' ® Thus pi"(2m+n-l)-l < pin(n-l) ^ \Nab ^ j^ab^_ fjg^^^^g 

pmn-1 < \Nab^ ^a6| < ^md(jv)_ Therefore m(n - d(N)) < 1. Then m = 
or n - d(A^) = or m = n - d(A^) = 1. If m = 0, then G = ^ Zp2 by 
Theorem 5. If d{N) = n, then AT ^ Z^^l Hence = \N''''^K''^\ = p™""^ 
and n{m — d{K)) = 1. Therefore n = 1 and d{K) = m — 1. In other words, 
N = Zp and K is any group with d{K) = m—1. Finally, if m = n—d{N) = 1, 
then K = Zp and = Zp2 x Zp""^"* which by Corollary 4 and Theorem 6 we 
must have n — 1 which is a contradiction. □ 

With an additional condition we will be able to state the reverse of the 
above theorem as follows. 

Theorem 13. Let K be a normal subgroup of G. Then t — 1 if and only if 
G = N X K with one of the following cases: 

i) N = Zp2 and K = 1; 

a) N = Zp and K is any group with d{K) = m — 1; 
Hi) N ^ El andK = 1. 

Proof. By the assumption K is normal and so G ^ N x K. Hence by 
Corollary 4 we have 

\M{G,N)\^\M{N)\\N''^^K''^\. (1) 
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Necessity is clear by the above equality. For sufficiency, first we suppose that 
is an elementary abelian p-group. Then = Z^n and |A^"'' ^ K"''^\ = 

\M{G,N)\/\M{N)\ = On the other hand we have |A^"^ O K"''] = 

|zi"^ ® = Therefore mn - 1 = nd{K) and so n(m - d{K)) = 1. 

This implies that N = Zp and d{K) = m — 1. 

Now suppose that is not elementary abelian. Then using (1) we have 

\M{G,N)\ < ^ p^n{n-l)+md{N) _ 

Hence t = 1 implies that m(n — d{N)) = 0. But n ^ d{N). Therefore m = 
and \M{G, N) \ = \M{N)\ = Hence by Theorem 5 we have K = 1 

and = Zp2 or N = Ei. This completes the proof. □ 



Our third main result is somehow a generalization of the Zhou's one [11 
to the pair of finite p-groups. 

Theorem 14. Let K be a normal subgroup of G. Then t = 2 if and only if 
G = N X K with one of the following cases: 

(i) N ^ZpX Zp2 and K = 1; 

(ii) N ^ D andK = 1; 

{Hi) N ^ZpX El andK = 1; 
\iv) N ^ Zp2 and K ^ Z^; 
\v) N = El andK = Zp,- 

{vi) N = Zp X Zp and K is any group with d{K) = m — 1; 
{vii) N = Zp and K is any group with d{K) = m — 2. 

Proof. Since i^' is a normal subgroup, we have G = N x K. Hence by 
Corollary 4, (1) holds and necessity follows. For sufficiency, we proceed as in 
Theorem 13. First suppose that A^ is an elementary abelian p-group. Then 
Ijyab ^ j^ab^ ^ | M(G, A^) | / 1 M( A^) | = p'^'^^\ On the other hand, we have 
l^yaft ^j^ab^^ pnd{K) _ jj^^^g mu - 2 = nd{K) and so n(m - d{K)) = 2. It 
follows that n = 1 OT n = 2. Ifn = l, then N = Zp and K is any group 
with d{K) = m — 2. If n = 2, then A^ = Zp x Zp and K is any group with 
d{K) = m-l. 

Now suppose that A^ is not an elementary abelian p-group. Then (1) 
implies that \M{G,N)\ < < phi^-i)+md{N) _ follows that 

m(n — d{N)) < 2. Therefore m = or m = 1. If m = 0, then by Theorem 5 
we have = 1 and A^ = Zp x Zp2 or A^ = D or A^ = Zp x Ei. If m = 1 then 
K = Zp and d{N) = n-1. So \N''''®K''^\ = p"-^. Therefore the equality (1) 
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implies that |M(A^)| = p2"("-i)-i. Now using Theorem 5 we have = Zp2 
or N = El. This completes the proof. □ 

Finally, our last main result is somehow a generalization of the Ellis' one 
jl] to the pair of finite p-groups. 

Theorem 15. Let K be a normal subgroup of G. Then t = 3 if and only if 

G = N X K with one of the following cases: 

(i) N ^ Zp3 and K = 1; 

{ii) N = ZpX7ipX Zp2 and K = 1; 

{Hi) N andK = 1; 

(iv) N = E2 and K = 1; 

(v) N = D XZ2 and K = 1; 

(vi) N = EixZpXZp and K = 1; 

(vii) N = K = Zp2; 

{via) N = Zp2X Zp and K = Zp; 

(ix) N ^ D and K ^ Zp,- 

(x) N = ZpX El andK = Zp,- 

(xi) N = Zpi and K = ZpX Zp; 

(xii) N ^ El and K = ZpX Zp; 

(xiii) N = Zp and K is any group with d{K) = m — 3; 

(xiv) N = Zp X Zp X Zp and K is any group with d{K) = m — 1. 

Proof. Necessity is straightforward. The proof of sufficiency is similar to 
the proof of previous theorems. Suppose that is an elementary abelian 
p-group. Since t = 3, we have p^'^(^^ = |A^"^ (g) K^^\ = p^^-^. This implies 
that n{m — d{K)) = 3. So n = 1 or n = 3. If n = 1 then N = Zp and K is 
any group with d{K) = m — 3. If n = 3 then N = Zp x Zp x Zp and K is 
any group with d{K) = m — 1. 

Now suppose that N is not an elementary abelian p-group. Then we have 
\M{G,N)\ < pHn-i)+md{N) ^(^^ _ ^^^^^^ < 2. This implies that 

m = 0, m = 1 or m = 2. 

If m = 0, then by Theorem 5 we have K = 1 and = ZpS or N = 
ZpXZpXZp2 or N = Q 01 N = E2 or N = D XZ2 or N = El X ZpX Zp. 

If m = 1, then K = Zp and d{N) = n - 1 or d{N) = n - 2. If d{N) = 
n- 1, then \N^^ (g) K""^] = and so \M{N)\ = \M{G, N)\/\N''^ (g K""^] = 
p3"("-i)-2. It follows that = Zp2 X Zp or = D or = Zp X Ei, by 
Theorem 5. If d{N) =n-2, then |M(A^)| = pH^-^)-^ and hence A^ = Zp2 
or N = El which is a contradiction. 
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If m = 2, then ci(iV) = n-1 and X = Zp2 or K = ZpXZp. li K ^ Z^xZp, 
then |A^"^ ® = p2(n-i) g^^^^ |m(A^)| = ph("~^)-\ Then ^ Zp2 or 
El. Now suppose K = Zp2. Then A^'^^ = zS,"^^^ or iV^'' = Zp2 x Z^^'^K 
If iV"'' ^ Zi'~^\ then |Ar«'' ® = p'^-i and so \M{N)\ = which 
is a contradiction. If A^'^* = Zp2 x zi,""^\ then |A^"'' ® = and hence 
|M(7V)| = ph(^^+n-6) ^Y^^^Y^ implies that n < 2. Therefore N = Zp2. This 
completes the proof. □ 
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